As known the lightning incidence of a vertical structure is 
INTRODUCTION
Designers of lightning protection system (LPS) need to evaluate the lightning incidence of the structure to be protected. For instance, such an information is of crucial importance for engineers who must select the insulation level of an overhead power line against lightning flashover rate, in order to meet the reliability criteria set for the system [1] [2] [3] [4] .
For such an evaluation, only first strokes of negative downward flashes are generally taken into account in view of the following reasons: i) upward flashes occur mainly from very tall structures or mountain-top installations; ii) the majority of downward flashes are of negative polarity (except for tall structures and in the few regions with frequent winter thunderstorms) and iii) the majority of subsequent return stroke peak currents are smaIler than the corresponding first stroke one [5] .
The lightning incidence of a vertical structure is estimated by means of its so-caIled lightning exposure, which is related to the physical processes involved in the final stage of the progression of the downward lightning leader to the structure and of upward streamer inj ection. In general, in this type of studies, the downward motion of a lightning leader approaching ground is assumed to continue unperturbed, unless critical field conditions develop, allowing a juncture with a nearby vertical object generally called final jump.
Several researchers have contributed to the development of engineering models aimed at representing this complex phenomenon; nowadays it is generally accepted that the models applied to calculate lightning incidence on transmission can be grouped in two main categories:
• conventional models based on the so-called electrogeometric model (EGM) (e.g. [6] [7] [8] ), which are based on the preliminary work of Golde [9] ;
• more recent models based on the simulation of the leader progression (LPM, [lO-12] ) and other similar approaches (e.g. [1 3-15] ). In addition to the above mentioned approaches, it is worth mentioning that a more recent representation of the lightning upward connecting leader inception has been proposed in [16] and a specific discussion about the final connecting stage between downward and upward leaders has been presented [ 1 7] .
As known, the basic concept of the EMG is that it takes into account a downward lightning leader only, without taking into consideration the upward (positive) leader from the structure. Additionally, it assumes that the downward leader channel is perpendicular to the ground plane and that the flash will stroke the tower if its prospective ground tennination point lies within the so called 'attractive radius'. The attractive radius depends on several factors, such as: charge of the leader, its distance from the structure, type of structure (vertical mast or horizontal conductor), structure height.
On the other hands, the LPM has been developed from knowledge of discharge physics on long air gaps under switching surge conditions with the hypothesis of a good similarity between propagation and inception of downward and upward leaders at laboratory tests and lightning phenomena in spite of the lOx difference in scale. In [lO-12] the downward propagation of the leader is detennined using the known charge simulation method [18] in which fictitious line charges, which allow to provide particular solutions of Laplace and Poisson' s equations satisfying specific boundary conditions, are used to calculate the leader electric field at any point.
The use of the charge simulation method for the solution of the LPM can be replaced by numerical methods like Finite Difference (FD) or Finite Elements (FEM), which allow a more straightforward treatment of:
• boundary conditions of the problem;
• structure exposition;
• leader charge positions;
• ascending leader starting point;
• presence of non-flat terrain. On the base of these advantages, the paper presents a numerical algorithm based on the use of the FEM [19] for the LPM calculation. In particular, the paper aims at providing the details relevant to the problem formulation and boundary condition treatment. In this respect, it is worth noting that all the general assumptions used in the original LPM were maintained in the LPM-FEM simulations.
Comparison with results obtained by solving the LPM by means of the charge simulation method (e.g. Dellera and Garbagnati [lO-12] ) are also provided and discussed.
The structure of the paper is the following: section 2 As discussed in [10] [11] [12] , the representation of both upward and downward leaders propagation is determined by means of the solution of subsequent steady-state electrostatic problems. In the considered domain, the leaders charges represent the source of the problem and the earthed structure, together with the ground zero potential and the cloud charge distribution, the boundary conditions. As known, the problem consists in the calculation of the electrostatic field into a dielectric material region (air) ( 1) where, V is the electric scalar potential, co is the permittivity of vacuum (indeed, we assume that the material in which the problem is formulated is air), P is the electric polarization and pthe space charge density. The adopted FEM model solves (1) as a function of the so-called dependent variables (namely, the variables that the partial differential equation (1) is formulated for) that, in our problem formulation, are the three components Vx, Vyand Vz of the electric scalar potential V [20] .
In correspondence of the exterior boundaries 00 that defme 0, the following different conditions are of interest for the LPM solution: aD.
Main domain representation
The domain 0 (see Fig. 1 ) is divided into two sub domain: the fust one, 0" consists of a cylindrical region of air characterized by 5 km radius and 2 km height; the second one, O2, is still a cylindrical region of air but of a reduced size in order to surround the earthed structure.
As both upward leader and fmal jump takes place into a region of space close to the earthed structure, the aim of O2 is to provide a control volume in which a more refmed finite-element mesh size can be applied. O2 is characterized by the following dimensions: 0.5 km radius and 0.75 km height.
In [lO-12] , the cloud charge (Qc) has been assumed composed by different concentric charge rings, located at 2 km height, aimed at providing a simplified representation of a constant surface charge density. In our simulation such a source has been directly represented by means of a constant surface charge density in correspondence of the top circular boundary of 0, (see Fig. 1 ).
As known, the values of Qc present a large dispersion (e.g. [21, 22] ). In our simulations it has been assumed Qc= -4 C [10] [11] [12] and the relevant constant surface charge density Pan is therefore given by the following:
In Fig. 1 the top surface of 0, is a boundary condition in which a constant charge density, with value Pan provided by (2), has been assumed.
Concerning the side surfaces of 0" we have assumed a boundary condition that allows to unconstraint the electric scalar potential, such a condition is satisfied assuming Pan=O (see Fig. 1 ). Fig. 1 Representation of domains OJ and O2 and external boundaries.
Earthed structure representation
In order to compare the results with those published in [10] [11] [12] , we have assumed the earthed structure represented by a thin wire vertical mast. Such a structure is an interior boundary of il2 in which we have imposed a grounded (V=O) edge. It is worth observing that, compared to the charge simulation method, the direct adoption of such a boundary condition avoids the use of the so-called virtual charges, used in the original LPM, in order to obtain a profile of the zero-level electric potential as close as possible to the earthed structure. It is also important to note that, in principle, the charge simulation method would require a continuous modification of the virtual charges (both position and value) as the constant electric potential profiles in correspondence of the earthed structure evolves with the progression of downward and upward leaders. On the other hands the adoption of a boundary condition that forces the potential of the earthed structure to zero inherently allows to obtain a more correct representation of the problem. The downward leader is represented by means of a linear charge distribution which value is determined as the ration between the total charge correlated to the lightning current, Qfp, and the average total leader length of 2 km (distance between the simplified cloud charges and the ground, that corresponds to the height of ill)' In order to compare the results with those of [10] [11] [12] , we have adopted the same expression that provides the average value of Qfp as a function of the lightning waveshape first peak current expressed in kA [23, 24] :
(3) Therefore, in correspondence of the interior boundary P;in of ill that simulates the downward leader, the following condition has been imposed:
(4) It is worth adding that, in agreement with [10] [11] [12] , the most advanced part of the downward leader (leader tip) is characterized by a value of linear charge density pd;wn aQ un correlated to the lightning current and assumed equal to 100 /lC/m.
As known, the propagation direction of the downward leader depends to the phenomenon associated to the negative streamers that start from the leader tip (e.g. [16] ). These streamers tends to follow the streamlines of the electric fields and, therefore, like in the original LPM, it has been assumed that the direction of the downward leader corresponds to the one of the maximum gradient of the electric potential, namely the direction of the maximum electric field streamline, estimated in correspondence of a domain in front of the streamer zone. The extension of such a domain is assumed equal to a region in front of the downward leader tip in which the electric field is above 300 kV 1m.
In view of the above, the estimation of the maximum gradient of the electric potential is performed in correspondence of a hemisphere, centered in correspondence of the leader tip, which radius can range from few tens to few meters (more precisely from 20 m to 3 m) as a function of the streamer zone extension. Fig.  3a shows the top view of the electric potential in correspondence of such a hemisphere (20 m diameter) for a downward leader corresponding to a peak current of 20 kA at 50 m from the ground and 25 m from the vertical structure. Fig. 9b shows the same distribution but making reference to the spherical coordinate system that parameterize the hemisphere as a function of the latitude (.9) and longitude (cp). The white zone in Fig. 9b indicates the region corresponding to the maximum electric field gradient. It can be noted in Fig. 3a the asymmetrical distribution of the electric potential as well as, in Fig. 3b , the relevant maximum gradient region located into (.9,cp) coordinate different from (O,n). 
Upward leader representation and propagation criteria
This section illustrates and discusses two main aspects concerning the upward leader, namely: inception and consequent propagation.
As discussed in the introduction, the LPM is based on the similarity between laboratory tests and lightning phenomena of the propagation and inception of downward and upward leaders. Concerning the upward leader inception, on the basis of the observations of [25, 26] , Dellera and Garbagnati assume that the conditions for the inception of positive leaders from earthed structures is substantially not influenced by the earthed electrode size, up to the so called 'critical radius' . The critical radius, assumed in [10] [11] [12] in the order of few tens of centimeters, defmes therefore a region of space surrounding the earthed structure above which we can calculate the electric field in order to determine the upward leader inception. Such a calculation has been implemented by means of a so-called 'control-surface' L that surrounds the earthed structure. Fig. 5 shows the norm of the electric field in correspondence of L with the same conditions used to obtain Fig. 4 .
For each point P(X,y,Z)EL the value of the norm of the electric field is compared to the threshold value that provides the upward leader inception. Compared to the model of Dellera and Garbagnati, in which the starting point of the upward leader was assumed a-priori in correspondence of the position of the virtual charges of the charge-simulation method, the model here presented allows the estimation of the inception position into the whole area that surrounds the earthed structure.
Concerning the inception critical field, in order to provide a comparison with the same conditions of [10] [11] [12] , we have adopted the value derived from [2] and reported for convenience in Fig. 6 . Concerning the upward leader propagation, it has been assumed that the ratio between downward and upward leader propagation speeds is constant and equal to 4. Therefore, as the spatial propagation steps of the downward leader are of 10 m, the corresponding upward leader ones are of 2.5 m. The upward positive leader charge has been assumed independent from the downward leader charge and equal to 50 f.. lCim. The criteria used for the calculation of the propagation direction of the upward leader are the same of the ones adopted for the downward leader.
2.6
Final jump
The progressive propagation of downward and upward leaders could evolve into a so-called final if, in the space region between the two leaders, it is possible to identify a path characterized by a voltage gradient larger than the streamer gradient value, namely an electric field in the order of 500 kV/m (e.g. [1 3,17] ).
Such a path estimation has been implemented as follows: for each electric field streamline connecting the two leaders it has detennined whether the electric field exceeds the value of 500 kV 1m along the overall streamline length. Fig. 7 shows an example of such an estimation concerning the case of a downward leader corresponding to a peak current of 20 kA located at 23 m from the earthed structure. In particular, Fig. 7a shows the electric field norm iso-surfaces together with the electric field streamlines, Fig. 7b shows the propagation of the upward and downward leaders together with the final jump path. In Fig. 7a is evident a region where the two iso-surfaces of electric field norm equal to 500 kV 1m are touching each other. In such a region, the final jump can take place as shown by the result of Fig. 7b . 
RESULTS AND COMPARISONS
The procedure to detennine the lateral distance for a specific earthed structure and lightning current is the following: 
100
-e-Downward leader Fig. 9 shows such a comparison. As it can be seen, in the low current region the LPM-FEM essentially provides the same results of the original version of the LPM, whilst for currents larger than 50 kA the results of the LPM-FEM tends to result into lower lateral distances. The results obtained with the LPM-FEM seems to be in agreement with other lateral distance expressions provided in the literature that predicts a non-linear dependency of the lateral distance with the lightning current.
-e-Downward leader 
CONCLUSIONS
The paper has proposed the solution of the leader progression model by means of the fmite element method. Compared with the charge simulation method, the one here proposed allows to straightforward take into account the boundary conditions of the problems. This avoids the use of virtual charges, needed in [10] [11] [12] to fmd the solution of the electrostatic field distribution, resulting into the following advantages: i) the electric scalar potential in correspondence of the earthed structure is inherently null as it is a boundary condition of the problem, ii) the inception of the upward leader can be evaluated in correspondence of any point of the earthed structure and even multiple upward leaders can be taken into account.
In view of the numerical solution of the electrostatic problem provided by the FEM, it also presents the following further advantages:
• representation of any charge distribution for both upward and downward leaders;
• implementation of different final jump criteria;
• implementation of different inception models;
• representation on any 3D earthed structure (of interest for asymmetrical structure configurations). Future works will be devoted to the possible numerical evaluation of the streamer zone extension (in front of the leader tips) by means of a representation the non-linear properties of the medium. 
